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Abstract
Two Latin squares are r-orthogonal if their superposition produces r distinct pairs. It was
Belyavskaya who 1rst systematically treated the following question: For which integers n and
r does a pair of r-orthogonal Latin squares of order n exist? Evidently, n6r6n2, and an
easy argument establishes that r ∈ {n + 1; n2 − 1}. In a recent paper by Colbourn and Zhu,
this question has been answered leaving only a few possible exceptions for r= n2 − 3 and
n∈{6; 7; 8; 10; 11; 13; 14; 16; 17; 18; 19; 20; 22; 23; 25; 26}. In this paper, these possible exceptions
are removed by direct and recursive constructions except two orders n=6; 14. For n=6, a
computer search shows that r=33 is a genuine exception. For n=14, it is still undecided if
there exists a pair of (142 − 3)-orthogonal Latin squares. c© 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction
Two Latin squares of order n, L=(lij) and M =(mij), are r-orthogonal if their
superposition produces r distinct pairs, that is
|{(‘ij; mij): 06i; j6n− 1}|= r:
It was Belyavskaya (see [1–3]), who 1rst systematically treated the following question:
For which integers n and r does a pair of r-orthogonal Latin squares of order n exist?
Evidently, n6r6n2, and an easy argument establishes that r ∈ {n+1; n2−1}. In a recent
paper by Colbourn and Zhu [4], this question has been answered leaving only a few
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Table 1
Order Genuine exceptions of r Possible exceptions of r
n
2 4
3 5, 6, 7
4 7, 10, 11, 13, 14
5 8, 9, 20, 22, 23
6 36, 33
14 n2 − 3
possible exceptions for r= n2 − 3 and n∈{6; 7; 8; 10; 11; 13; 14; 16; 17; 18; 19; 20; 22; 23;
25; 26}. In this paper, the remaining possible exceptions are removed except two orders
n=6; 14. For n=6, a computer search shows that r=33 is a genuine exception. For
n=14, it is still undecided if there exists a pair of (142− 3)-orthogonal Latin squares.
So, the known results can now be updated in Table 1.
2. Direct constructions
For a pair of (n2 − 3)-orthogonal Latin squares of order n, there are three positions
where the entries provide repeated pairs. Without loss of generality, we may assume
that these three positions occur in the top left 3× 3 subarray. With this assumption, a
computer program was run to search for orders 6, 7 and 8. After completing the search
for order 6, no such pair was found. For orders 7 and 8 we did 1nd such a pair. The
results are recorded in the following lemmas.
Lemma 2.1. There does not exist a pair of (n2−3)-orthogonal Latin squares of order
n=6.
Lemma 2.2. There exist a pair of (n2−3)-orthogonal Latin squares of order n=7; 8.
Proof. The squares are listed below. For order 7, the repeated pairs upon superposition
are (3; 5); (5; 4) and (2; 2). The missing pairs are (2; 5); (3; 4) and (5; 2).
n=7:
0 4 3 6 5 2 1
6 1 4 5 0 3 2
3 5 2 0 1 6 4
5 2 1 3 6 4 0
1 3 6 2 4 0 5
4 6 0 1 2 5 3
2 0 5 4 3 1 6
0 6 5 4 1 3 2
5 1 0 6 3 2 4
6 4 2 1 5 0 3
4 0 6 3 2 1 5
3 5 1 2 4 6 0
2 3 4 0 6 5 1
1 2 3 5 0 4 6
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For order 8, the repeated pairs are (2; 5); (7; 7) and (3; 6). The missing pairs are
(2; 7); (3; 5) and (7; 6).
n=8:
0 2 5 4 6 7 3 1
3 1 7 6 5 0 4 2
7 6 2 5 0 4 1 3
5 7 6 3 1 2 0 4
6 3 0 2 4 1 7 5
1 4 3 0 7 5 2 6
4 5 1 7 2 3 6 0
2 0 4 1 3 6 5 7
0 5 3 1 2 4 7 6
6 1 7 4 0 2 3 5
1 3 2 6 5 7 0 4
4 0 5 3 7 6 1 2
7 2 6 0 4 3 5 1
2 6 1 7 3 5 4 0
5 7 4 2 1 0 6 3
3 4 0 5 6 1 2 7
Our second direct construction uses the following known fact (see [4]). Suppose
that there are two mutually orthogonal Latin squares L and M of order n such that
L contains a 3 × 3 subsquare


0 2 1
2 1 0
1 0 2

 at the top left, and M contains a 3 × 3
subarray


a b x
y a b
b z a

 at the top left. Suppose further that x; y and z are all distinct.
Then replacing the subsquare in L by


1 0 2
0 2 1
2 1 0

 yields another Latin square L′. Now
in the superposition of L′ and M , all pairs except {(1; x); (2; y); (0; z)} appear, so L′
and M are (n2 − 3)-orthogonal. For orders 10 and 11, we have run a program to 1nd
such a pair L and M .
Lemma 2.3. There exist (n2 − 3)-orthogonal Latin squares of order n=10; 11.
Proof. The squares L′ and M are listed below:
n=10:
1 0 2 9 7 6 5 3 4 8
0 2 1 6 5 7 3 8 9 4
2 1 0 4 6 3 8 9 5 7
4 7 5 3 2 8 9 1 6 0
5 3 8 1 4 9 7 6 0 2
3 8 9 2 1 5 4 0 7 6
7 9 3 0 8 1 6 4 2 5
6 5 4 8 9 2 0 7 1 3
9 4 6 7 3 0 2 5 8 1
8 6 7 5 0 4 1 2 3 9
0 1 2 5 8 3 4 7 9 6
3 0 1 8 6 9 5 2 7 4
1 4 0 3 9 2 7 6 8 5
6 3 7 4 5 0 9 8 1 2
5 6 9 7 2 4 1 0 3 8
9 8 3 6 4 1 0 5 2 7
7 2 8 9 3 5 6 1 4 0
2 9 5 1 0 7 8 4 6 3
8 7 4 0 1 6 2 3 5 9
4 5 6 2 7 8 3 9 0 1
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For n=11, we replace 10 by a in the following squares:
n=11:
1 0 2 9 8 7 3 a 4 6 5
0 2 1 5 a 9 8 4 3 7 6
2 1 0 6 9 a 4 3 7 5 8
4 8 5 3 2 1 9 6 a 0 7
3 5 6 a 4 2 7 0 9 8 1
6 a 9 7 3 5 0 8 1 4 2
5 9 a 8 7 4 6 2 0 1 3
8 6 4 2 0 3 1 7 5 a 9
7 4 3 1 5 6 a 9 8 2 0
a 3 7 0 1 8 2 5 6 9 4
9 7 8 4 6 0 5 1 2 3 a
0 1 2 6 3 a 9 8 4 5 7
3 0 1 9 6 4 2 5 7 8 a
1 4 0 2 7 3 8 6 9 a 5
9 8 6 1 4 5 0 3 a 7 2
a 5 7 0 1 8 4 2 3 9 6
4 7 a 3 5 1 6 0 8 2 9
8 2 9 a 0 6 1 7 5 3 4
6 9 3 5 a 2 7 1 0 4 8
7 a 8 4 2 0 5 9 1 6 3
2 3 5 8 9 7 a 4 6 1 0
5 6 4 7 8 9 3 a 2 0 1
3. Recursive constructions
Lemma 3.1. If there exist (k2 − 3)-orthogonal Latin squares of order k; then there
exist (n2 − 3)-orthogonal Latin squares of order n for any n¿3k.
Proof. IMOLS(n; k) exist whenever n¿3k; k¿2 [5]. Filling the hole with two
(k2 − 3)-orthogonal Latin squares of order k gives the desired result.
Lemma 3.2. There exist (n2 − 3)-orthogonal Latin squares of order n for n=22; 23;
25; 26.
Proof. Apply Lemma 3.1 with k =7.
We shall use a product construction to solve the case of order 20. Let
A=


0 1 2 3
1 0 3 2
2 3 0 1
3 2 1 0

 ; B=


0 1 2 3
2 3 0 1
3 2 1 0
1 0 3 2

 :
A and B form MOLS(4). Let L=(‘ij) and M =(mij) be MOLS(5). Let R be the Latin
square of side 20 obtained by substituting, for each entry ‘ij of L, the array A+4‘ij (that
is, add 4‘ij to each entry of A). Let S be similarly constructed using the array B+4mij.
R and S form MOLS(20). Speci1cally, we take ‘ij = i+ j and mij =2i+ j; i; j∈Z5. R
and S have sub-MOLS(5) at cells {(i; j): i≡ j≡ 0 (mod 4)}. We rename the entries in
the order 5 subsquare of R by adding 4 modulo 20. In B+4m00, we interchange entries
0 and 1. This makes the two pairs (4; 0); (0; 1) missing and two pairs (4; 1); (0; 0)
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repeated. We further 1nd in S another subsquare B + 4m13 and interchange entries 0
and 2. This produces also two missing pairs (0; 0); (x; 2) and the two pairs (0; 2); (x; 0)
repeated. Since there is a cancellation of one repeated pair, we obtain the desired
(n2 − 3)-orthogonal Latin squares of order n=20 in the following. In what follows,
we make the following replacement when listing the squares.
10 11 12 13 14 15 16 17 18 19
a b c d e f x y u v
Lemma 3.3. There exist (n2 − 3)-orthogonal Latin squares of order n=20.
Proof. It is readily checked that the listed Latin squares of order 20 are the de-
sired squares. The repeated pairs are: (x; 0); (4; 1); (0; 2). The missing pairs are: (4; 0);
(0; 1); (x; 2).
n=20:
4 1 2 3 8 5 6 7 c 9 a b x d e f 0 y u v
1 0 3 2 5 4 7 6 9 8 b a d c f e y x v u
2 3 0 1 6 7 4 5 a b 8 9 e f c d u v x y
3 2 1 0 7 6 5 4 b a 9 8 f e d c v u y x
8 5 6 7 c 9 a b x d e f 0 y u v 4 1 2 3
5 4 7 6 9 8 b a d c f e y x v u 1 0 3 2
6 7 4 5 a b 8 9 e f c d u v x y 2 3 0 1
7 6 5 4 b a 9 8 f e d c v u y x 3 2 1 0
c 9 a b x d e f 0 y u v 4 1 2 3 8 5 6 7
9 8 b a d c f e y x v u 1 0 3 2 5 4 7 6
a b 8 9 e f c d u v x y 2 3 0 1 6 7 4 5
b a 9 8 f e d c v u y x 3 2 1 0 7 6 5 4
x d e f 0 y u v 4 1 2 3 8 5 6 7 c 9 a b
d c f e y x v u 1 0 3 2 5 4 7 6 9 8 b a
e f c d u v x y 2 3 0 1 6 7 4 5 a b 8 9
f e d c v u y x 3 2 1 0 7 6 5 4 b a 9 8
0 y u v 4 1 2 3 8 5 6 7 c 9 a b x d e f
y x v u 1 0 3 2 5 4 7 6 9 8 b a d c f e
u v x y 2 3 0 1 6 7 4 5 a b 8 9 e f c d
v u y x 3 2 1 0 7 6 5 4 b a 9 8 f e d c
1 0 2 3 4 5 6 7 8 9 a b c d e f x y u v
2 3 1 0 6 7 4 5 a b 8 9 e f c d u v x y
3 2 0 1 7 6 5 4 b a 9 8 f e d c v u y x
0 1 3 2 5 4 7 6 9 8 b a d c f e y x v u
8 9 a b c d e f x y u v 2 1 0 3 4 5 6 7
a b 8 9 e f c d u v x y 0 3 2 1 6 7 4 5
b a 9 8 f e d c v u y x 3 0 1 2 7 6 5 4
9 8 b a d c f e y x v u 1 2 3 0 5 4 7 6
x y u v 0 1 2 3 4 5 6 7 8 9 a b c d e f
u v x y 2 3 0 1 6 7 4 5 a b 8 9 e f c d
v u y x 3 2 1 0 7 6 5 4 b a 9 8 f e d c
y x v u 1 0 3 2 5 4 7 6 9 8 b a d c f e
4 5 6 7 8 9 a b c d e f x y u v 0 1 2 3
6 7 4 5 a b 8 9 e f c d u v x y 2 3 0 1
7 6 5 4 b a 9 8 f e d c v u y x 3 2 1 0
5 4 7 6 9 8 b a d c f e y x v u 1 0 3 2
c d e f x y u v 0 1 2 3 4 5 6 7 8 9 a b
e f c d u v x y 2 3 0 1 6 7 4 5 a b 8 9
f e d c v u y x 3 2 1 0 7 6 5 4 b a 9 8
d c f e y x v u 1 0 3 2 5 4 7 6 9 8 b a
For the remaining orders n=13; 16; 17; 18 and 19, we shall use generalized product
construction (see, for example, [6]) where common transversals are used. In a Latin
square of order n, a transversal is a set of n cells such that they occupy n rows
and n columns and also the entries are n diKerent symbols. We describe the product
construction for order n=15 1rst. Let
A=


0 2 1
2 1 0
1 0 2


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and let
B=


0 1 2
2 0 1
1 2 0

 :
A and B form MOLS(3). Let L=(‘ij) and M =(mij) be MOLS(5), where
‘ij = i+ j and mij =2i+ j; i; j∈Z5. Let R be the Latin square of side 15 obtained by
substituting, for each entry ‘ij of L, the array A + 3‘ij. Let S be similarly construc-
ted using the array B + 3mij. R and S form MOLS(15). R and S have sub-
MOLS(5) at cells {(i; j): i≡ j≡ 0 (mod 3)}. We rename the entries in the order 5
subsquare of R by adding 3 modulo 15. In B + 3m01, we interchange entries 4
and 5. This makes the two pairs (5; 5); (8; 4) missing and the two pairs (5; 4);
(8; 5) repeated. We further interchange in another subsquare B+3m14 entries 3 and 5.
This produces also the two missing pairs (2; 5); (5; 3) and the two pairs (2; 3);
(5; 5) repeated. The cancellation of one repeated pair (5; 5) results in the desired
(n2 − 3)-orthogonal Latin squares of order n=15. Note that the original MOLS(5)
have common transversal {(0; 0); (1; 1); (2; 2); (3; 3); (4; 4)}, which avoids both
cells (0; 1) and (1; 4). When using this common transversal and the pair of
MOLS(4)
∞ 0 1 2
0 ∞ 2 1
1 2 ∞ 0
2 1 0 ∞
∞ 0 2 1
2 1 ∞ 0
1 2 0 ∞
0 ∞ 1 2
to do the generalized product construction, the above interchanges of entries are not
aKected. So, we still get (n2 − 3)-orthogonal Latin squares for order n=16 in this
case. Note that the additional row and column are placed at the top and the left
respectively.
If we use one more common transversal {(0; 0); (1; 2); (2; 4); (3; 1); (4; 3)} to do the
generalized product construction, we get the case of order 17. Instead, if we use two
more common transversals {(0; 2); (1; 3); (2; 4); (3; 0); (4; 1)} and {(0; 4); (1; 0); (2; 1);
(3; 2); (4; 3)}, we get the case of order 18.
Lemma 3.4. There exist (n2 − 3)-orthogonal Latin squares of order n=
16; 17; 18.
Proof. The listed Latin squares are veri1ed to be the desired squares. In each
case, the repeated pairs are: (5; 3); (8; 4); (2; 5). The missing pairs are: (2; 3); (5; 4),
(8; 5).
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n=16:
f 0 1 2 6 7 8 c d e 3 4 5 9 a b
0 f 2 1 3 5 4 6 8 7 9 b a c e d
1 5 f 0 8 4 3 b 7 6 e a 9 2 d c
2 1 0 f 4 3 5 7 6 8 a 9 b d c e
6 3 5 4 f 8 7 9 b a c e d 0 2 1
7 8 4 3 b f 6 e a 9 2 d c 5 1 0
8 4 3 5 7 6 f a 9 b d c e 1 0 2
c 6 8 7 9 b a f e d 0 2 1 3 5 4
d b 7 6 e a 9 2 f c 5 1 0 8 4 3
e 7 6 8 a 9 b d c f 1 0 2 4 3 5
3 9 b a c e d 0 2 1 f 5 4 6 8 7
4 e a 9 2 d c 5 1 0 8 f 3 b 7 6
5 a 9 b d c e 1 0 2 4 3 f 7 6 8
9 c e d 0 2 1 3 5 4 6 8 7 f b a
a 2 d c 5 1 0 8 4 3 b 7 6 e f 9
b d c e 1 0 2 4 3 5 7 6 8 a 9 f
f 0 2 1 9 b a 3 5 4 c e d 6 8 7
2 1 f 0 3 5 4 6 7 8 9 a b c d e
1 2 0 f 4 3 5 8 6 7 b 9 a e c d
0 f 1 2 5 4 3 7 8 6 a b 9 d e c
b 6 7 8 a f 9 c d e 0 1 2 5 4 3
a 8 6 7 b 9 f e c d 2 0 1 3 5 4
9 7 8 6 f a b d e c 1 2 0 4 3 5
5 c d e 0 1 2 4 f 3 6 7 8 9 a b
4 e c d 2 0 1 5 3 f 8 6 7 b 9 a
3 d e c 1 2 0 f 4 5 7 8 6 a b 9
e 3 4 5 6 7 8 9 a b d f c 0 1 2
d 5 3 4 8 6 7 b 9 a e c f 2 0 1
c 4 5 3 7 8 6 a b 9 f d e 1 2 0
8 9 a b c d e 0 1 2 3 4 5 7 f 6
7 b 9 a e c d 2 0 1 5 3 4 8 6 f
6 a b 9 d e c 1 2 0 4 5 3 f 7 8
n=17:
f x 0 1 2 c d e 9 a b 6 7 8 3 4 5
1 2 f x 0 6 7 8 c d e 3 4 5 9 a b
2 f x 0 1 3 5 4 6 8 7 9 b a c e d
0 1 5 f x 8 4 3 b 7 6 e a 9 2 d c
x 0 1 2 f 4 3 5 7 6 8 a 9 b d c e
9 6 3 5 4 f 8 7 x b a c e d 0 2 1
a 7 8 4 3 b f 6 e x 9 2 d c 5 1 0
b 8 4 3 5 7 6 f a 9 x d c e 1 0 2
3 c 6 8 7 9 b a f e d 0 2 1 x 5 4
4 d b 7 6 e a 9 2 f c 5 1 0 8 x 3
5 e 7 6 8 a 9 b d c f 1 0 2 4 3 x
c 3 9 b a x e d 0 2 1 f 5 4 6 8 7
d 4 e a 9 2 x c 5 1 0 8 f 3 b 7 6
e 5 a 9 b d c x 1 0 2 4 3 f 7 6 8
6 9 c e d 0 2 1 3 5 4 x 8 7 f b a
7 a 2 d c 5 1 0 8 4 3 b x 6 e f 9
8 b d c e 1 0 2 4 3 5 7 6 x a 9 f
1 2 f x 0 6 8 7 c e d 3 5 4 9 b a
2 f x 0 1 9 b a 3 5 4 c e d 6 8 7
x 0 1 2 f 3 5 4 6 7 8 9 a b c d e
0 1 2 f x 4 3 5 8 6 7 b 9 a e c d
f x 0 1 2 5 4 3 7 8 6 a b 9 d e c
e b 6 7 8 a f 9 d x c 0 1 2 5 4 3
d a 8 6 7 b 9 f e c x 2 0 1 3 5 4
c 9 7 8 6 f a b x d e 1 2 0 4 3 5
b 5 c d e 0 1 2 4 f 3 6 7 8 a x 9
a 4 e c d 2 0 1 5 3 f 8 6 7 b 9 x
9 3 d e c 1 2 0 f 4 5 7 8 6 x a b
8 e 3 4 5 7 x 6 9 a b d f c 0 1 2
7 d 5 3 4 8 6 x b 9 a e c f 2 0 1
6 c 4 5 3 x 7 8 a b 9 f d e 1 2 0
5 8 9 a b c d e 0 1 2 4 x 3 7 f 6
4 7 b 9 a e c d 2 0 1 5 3 x 8 6 f
3 6 a b 9 d e c 1 2 0 x 4 5 f 7 8
n=18:
f x y 3 4 5 9 a b 0 1 2 6 7 8 c d e
x y f 9 a b 0 1 2 6 7 8 c d e 3 4 5
y f x 0 1 2 6 7 8 c d e 3 4 5 9 a b
c 6 0 f 2 1 3 5 4 x 8 7 9 b a y e d
d 7 1 5 f 0 8 4 3 b x 6 e a 9 2 y c
e 8 2 1 0 f 4 3 5 7 6 x a 9 b d c y
3 c 6 y 5 4 f 8 7 9 b a x e d 0 2 1
4 d 7 8 y 3 b f 6 e a 9 2 x c 5 1 0
5 e 8 4 3 y 7 6 f a 9 b d c x 1 0 2
9 3 c 6 8 7 y b a f e d 0 2 1 x 5 4
a 4 d b 7 6 e y 9 2 f c 5 1 0 8 x 3
b 5 e 7 6 8 a 9 y d c f 1 0 2 4 3 x
0 9 3 x b a c e d y 2 1 f 5 4 6 8 7
1 a 4 e x 9 2 d c 5 y 0 8 f 3 b 7 6
2 b 5 a 9 x d c e 1 0 y 4 3 f 7 6 8
6 0 9 c e d x 2 1 3 5 4 y 8 7 f b a
7 1 a 2 d c 5 x 0 8 4 3 b y 6 e f 9
8 2 b d c e 1 0 x 4 3 5 7 6 y a 9 f
y f x 6 8 7 0 2 1 9 b a 3 5 4 c e d
x y f 3 5 4 c e d 6 8 7 0 2 1 9 b a
f x y 0 2 1 9 b a 3 5 4 c e d 6 8 7
e 8 2 1 f 0 3 5 4 7 x 6 9 a b d y c
d 7 1 2 0 f 4 3 5 8 6 x b 9 a e c y
c 6 0 f 1 2 5 4 3 x 7 8 a b 9 y d e
8 2 b 7 y 6 a f 9 c d e 1 x 0 5 4 3
7 1 a 8 6 y b 9 f e c d 2 0 x 3 5 4
6 0 9 y 7 8 f a b d e c x 1 2 4 3 5
2 b 5 c d e 1 y 0 4 f 3 6 7 8 a x 9
1 a 4 e c d 2 0 y 5 3 f 8 6 7 b 9 x
0 9 3 d e c y 1 2 f 4 5 7 8 6 x a b
b 5 e 4 x 3 6 7 8 a y 9 d f c 0 1 2
a 4 d 5 3 x 8 6 7 b 9 y e c f 2 0 1
9 3 c x 4 5 7 8 6 y a b f d e 1 2 0
5 e 8 9 a b d x c 0 1 2 4 y 3 7 f 6
4 d 7 b 9 a e c x 2 0 1 5 3 y 8 6 f
3 c 6 a b 9 x d e 1 2 0 y 4 5 f 7 8
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For order 19, we do the generalized product construction like order 18 and use even
one more common transversal {(0; 1); (1; 2); (2; 3); (3; 4); (4; 0)}. But, we interchange
the entries in the subarrays from m00 and m42. We interchange 2 and f in the 1rst
subarray of order 4, and 2 and 0 in the second subarray of order 3. This gives the
desired squares.
Lemma 3.5. There exist (n2 − 3)-orthogonal Latin squares of order n=19.
Proof. The listed Latin squares are veri1ed to be the desired squares. The repeated
pairs are: (5; f); (8; 0); (2; 2). The missing pairs are: (2; f); (5; 0); (8; 2).
n=19:
y u f x c d e 3 4 5 9 a b 0 1 2 6 7 8
f x y u 3 4 5 9 a b 0 1 2 6 7 8 c d e
x f u y 9 a b 0 1 2 6 7 8 c d e 3 4 5
u y x f 0 1 2 6 7 8 c d e 3 4 5 9 a b
3 c 6 0 f 2 1 u 5 4 x 8 7 9 b a y e d
4 d 7 1 5 f 0 8 u 3 b x 6 e a 9 2 y c
5 e 8 2 1 0 f 4 3 u 7 6 x a 9 b d c y
9 3 c 6 y 5 4 f 8 7 u b a x e d 0 2 1
a 4 d 7 8 y 3 b f 6 e u 9 2 x c 5 1 0
b 5 e 8 4 3 y 7 6 f a 9 u d c x 1 0 2
0 9 3 c 6 8 7 y b a f e d u 2 1 x 5 4
1 a 4 d b 7 6 e y 9 2 f c 5 u 0 8 x 3
2 b 5 e 7 6 8 a 9 y d c f 1 0 u 4 3 x
6 0 9 3 x b a c e d y 2 1 f 5 4 u 8 7
7 1 a 4 e x 9 2 d c 5 y 0 8 f 3 b u 6
8 2 b 5 a 9 x d c e 1 0 y 4 3 f 7 6 u
c 6 0 9 u e d x 2 1 3 5 4 y 8 7 f b a
d 7 1 a 2 u c 5 x 0 8 4 3 b y 6 e f 9
e 8 2 b d c u 1 0 x 4 3 5 7 6 y a 9 f
f x y u 9 b a 3 5 4 c e d 6 8 7 0 2 1
x f u y 6 8 7 0 2 1 9 b a 3 5 4 c e d
y u f x 3 5 4 c e d 6 8 7 0 2 1 9 b a
u y x 2 0 f 1 9 b a 3 5 4 c e d 6 8 7
5 e 8 f 1 2 0 4 u 3 7 x 6 9 a b d y c
4 d 7 1 f 0 2 5 3 u 8 6 x b 9 a e c y
3 c 6 0 2 1 f u 4 5 x 7 8 a b 9 y d e
e 8 2 b 7 y 6 a f 9 d u c 1 x 0 3 4 5
d 7 1 a 8 6 y b 9 f e c u 2 0 x 5 3 4
c 6 0 9 y 7 8 f a b u d e x 1 2 4 5 3
8 2 b 5 c d e 1 y 0 4 f 3 7 u 6 a x 9
7 1 a 4 e c d 2 0 y 5 3 f 8 6 u b 9 x
6 0 9 3 d e c y 1 2 f 4 5 u 7 8 x a b
2 b 5 e 4 x 3 6 7 8 a y 9 d f c 1 u 0
1 a 4 d 5 3 x 8 6 7 b 9 y e c f 2 0 u
0 9 3 c x 4 5 7 8 6 y a b f d e u 1 2
b 5 e 8 a u 9 d x c 2 1 0 4 y 3 7 f 6
a 4 d 7 b 9 u e c x 0 2 1 5 3 y 8 6 f
9 3 c 6 u a b x d e 1 0 2 y 4 5 f 7 8
Lemma 3.6. There exist (n2 − 3)-orthogonal Latin squares of order n=13.
Proof. The following Latin squares are veri1ed to be the desired squares.
n=13:
c 0 1 2 9 a b 3 4 5 6 7 8
0 c 2 1 3 5 4 6 8 7 9 b a
1 5 c 0 8 4 3 b 7 6 2 a 9
2 1 0 c 4 3 5 7 6 8 a 9 b
6 3 5 4 0 2 1 9 b a c 8 7
7 8 4 3 5 1 0 2 a 9 b c 6
8 4 3 5 1 0 2 a 9 b 7 6 c
9 6 8 7 c b a 0 2 1 3 5 4
a b 7 6 2 c 9 5 1 0 8 4 3
b 7 6 8 a 9 c 1 0 2 4 3 5
3 9 b a 6 8 7 c 5 4 0 2 1
4 2 a 9 b 7 6 8 c 3 5 1 0
5 a 9 b 7 6 8 4 3 c 1 0 2
c 0 2 1 6 8 7 9 b a 3 5 4
2 1 c 0 3 5 4 6 7 8 9 a b
1 2 0 c 4 3 5 8 6 7 b 9 a
0 c 1 2 5 4 3 7 8 6 a b 9
5 6 7 8 9 a b 0 1 2 4 c 3
4 8 6 7 b 9 a 2 0 1 5 3 c
3 7 8 6 a b 9 1 2 0 c 4 5
8 9 a b 7 c 6 5 4 3 0 1 2
7 b 9 a 8 6 c 3 5 4 2 0 1
6 a b 9 c 7 8 4 3 5 1 2 0
b 3 4 5 0 1 2 a c 9 6 7 8
a 5 3 4 2 0 1 b 9 c 8 6 7
9 4 5 3 1 2 0 c a b 7 8 6
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The repeated pairs are: (5; 3); (8; 4); (2; 5). The missing pairs are: (2; 3); (5; 4); (8; 5).
These two squares are obtained by a generalized product construction similar to order
n=16. In this case, L and M are taken to be MOLS(4).
4. Concluding remarks
We have veri1ed the nonexistence of (n2 − 3)-orthogonal Latin squares of order
6. We have also used direct and recursive constructions to obtain the existence of
such squares for orders n=7; 8; 10; 11; 13; 16; 17; 18; 19; 20; 22; 23; 25; 26. This makes
the known results more complete. We update the known results in the following.
Theorem 4.1. There exist r-orthogonal Latin squares of order n for n6r6n2;
r ∈ {n + 1; n2 − 1} apart from the genuine and possible exceptions listed in
Table 1.
For the only possible exception, we make the following conjecture.
Conjecture. There exist (n2 − 3)-orthogonal Latin squares of order n=14.
References
[1] G.B. Belyavskaya, r-Orthogonal quasigroups I, Math. Issled. 39 (1976) 32–39.
[2] G.B. Belyavskaya, r-Orthogonal quasigroups II, Math. Issled. 43 (1977) 39–49.
[3] G.B. Belyavskaya, r-Orthogonal Latin squares, in: J. DMenes, A.D. Keedwell (Eds.), Latin Squares: New
Developments, Elsevier, North-Holland, Amsterdam, 1992, pp. 169–202 (Chapter 6).
[4] C.J. Colbourn, L. Zhu, The spectrum of r-Orthogonal Latin squares, in: C.J. Colbourn,
E.S. Mahmoodian (Eds.), Combinatorics Advances, Kluwer Academic Press, Dordrecht, 1995,
pp. 49–75.
[5] K. Heinrich, L. Zhu, Existence of orthogonal Latin squares with aligned subsquares, Discrete Math. 59
(1986) 69–78.
[6] K. Heinrich, L. Zhu, Incomplete self-orthogonal Latin squares, J. Austral. Math. Soc. Ser. A 42 (1987)
365–384.
